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The Bañados-Teitelboim-Zanelli (BTZ) black hole metric solves the three-dimensional
Einstein’s theory with a negative cosmological constant as well as all the generic higher
derivative gravity theories based on the metric; as such it is a universal solution. Here, we
find, in all generic higher derivative gravity theories, new universal non-Einsteinian solutions
obtained as Kerr-Schild type deformations of the BTZ black hole. Among these, the deformed
non-extremal BTZ black hole loses its event horizon while the deformed extremal one remains
intact as a black hole in any generic gravity theory.
PACS numbers:
I. INTRODUCTION
The black hole in 2+1 dimensions, the BTZ
metric [1, 2], as a solution to vacuum Ein-
stein’s gravity with a negative cosmological con-
stant, shares many of the features of the (3 + 1)-
dimensional realistic Kerr black hole. Due to the
local triviality of Einstein’s gravity in 2+1 di-
mensions, the BTZ solution has been a remark-
able tool in exploring the quantum nature of the
black hole geometry such as microscopic descrip-
tion of black hole entropy (see the review [3] and
the references therein). Three important fea-
tures of the BTZ geometry should be stressed.
First, being a locally Einstein metric, it solves all
the metric based higher curvature gravity equa-
tions derived from the most general action
I =
ˆ
d3x
√−gL (Riem,∇Riem, · · · ) . (1)
Such metrics are called universal which are unaf-
fected by the quantum effects [4, 5]. Generically,
for dimensions greater than three, Einstein met-
rics fail to solve higher derivative theories but in
three dimensions since the Riemann tensor can
be written in terms of the Einstein tensor Gµν as
Rµανβ = ǫµασǫνβσG
σρ, any Einsteinian solution
also solves the higher derivative theory as long as
the cosmological constant is tuned accordingly.
This fact is quite important and paves way to
study the Einstein metrics such as the BTZ black
hole as solutions to the low energy quantum the-
ory of gravity at any scale defined by the action
(1) where the nonmetric fields are set to zero
or constant values. Secondly, the BTZ geome-
try can be dressed with two arbitrary functions
to represent all the locally Einsteinian metrics
yielding the Bañados geometry as [6]
ds2 = ℓ2
[
dr2
r2
+
(
rdu+
1
r
f (v) dv
)
×
(
rdv +
1
r
g (u) du
)]
, (2)
where u and v are null coordinates. The geom-
etry corresponds to the non-extremal rotating
BTZ black hole for constant nonvanishing val-
ues of f and g; and to the extremal rotating BTZ
black hole when one of these constants becomes
zero. Thirdly, within the cosmological Einstein’s
theory, the BTZ black hole has the uniqueness
property under the conditions described in [7, 8].
Due to the importance of the BTZ black hole,
one would like to know its uniqueness and also
whether it is preserved as a black hole under the
deformations described as gµν = g¯µν + hµν in
2the generic higher derivative theory (1). Here,
hµν is not a small perturbation, hence just like
the BTZ black hole g¯µν , the deformed metric
gµν is expected to solve the full field equations
with the condition that the black hole property
is kept intact. Without a further specification
of the field equations of the theory, one cannot
proceed further with this most general deforma-
tion in a theory independent way. Therefore,
to keep the universal nature of the BTZ black
hole under this deformation in the setting of the
most general higher derivative theory, we shall
consider a specific deformation which is called
the Kerr-Schild–Kundt (KSK) type whose uni-
versality; i.e. it solves the generic gravity theory
once a linear scalar partial differential equation
is solved, has been shown in [9–11]. The KSK
metric is in the form
gµν = g¯µν + 2V λµλν , (3)
where V is a scalar field and λ is a null vector
field which satisfy the properties
λµλµ = 0, ∇µλν ≡ ξ(µλν),
ξµλ
µ = 0, λµ∂µV = 0, (4)
for both the background and the full metric. The
ξ vector is defined via the second equation in (4)
once the λ null vector is chosen (a way to gen-
erate viable λ vectors from smooth curves was
given in [12]). For the KSK metrics, the Ricci
tensor becomes
Rµν = (QV )λµλν − 2
ℓ2
gµν ,
where ℓ is the AdS length and the operator Q is
defined as
QV ≡
(
g¯µν∇¯µ∇¯ν + 2ξµ∂µ + 1
2
ξµξµ − 2
ℓ2
)
V.
Then, for the pure cosmological Einstein theory,
the nonlinear field equations Rµν = 2Λgµν be-
come linear in V and boil down to [13]
QV = 0, (5)
once the trace of the field equationsis is solved
as Λ = −1/ℓ2. Given the background metric in
some local coordinates, one can find the local
solution. For a general gravity theory with the
highest derivative order of (2N + 2) in the field
equations with N ≥ 0, the field equations reduce
to [9, 10, 14]
N∏
n=1
(Q−m2n)QV = 0, (6)
whose generic solution is V = VE +
∑N
n=1 Vn
where the Einsteinian part (VE) and the other
(massive) parts, assuming nondegeneracy, sat-
isfy the following equations
QVE = 0,
(Q−m2n) Vn = 0. (7)
One can also interpret these equations as
transverse-traceless perturbations of the back-
ground space, therefore they correspond to
massless and massive gravitons. In three dimen-
sional Einstein’s theory, since there are no gravi-
tons, VE corresponds to pure gauge transforma-
tions when the deformation hµν is assumed to
be a perturbation about the exact background.
On the other hand, the Vn solutions are the
non-Einsteinian solutions with the Ricci tensor
Rµν =
(∑N
n=1 m
2
nVn
)
λµλν − 2/ℓ2gµν .
II. DEFORMATIONS OF BTZ
Along the lines described above, let us con-
sider the deformations of the BTZ black hole
ds¯2 = −hdt2 + dr
2
h
+ r2
(
dφ− j
2r2
dt
)2
, (8)
with h (r) = −m + r2ℓ2 + j
2
4r2 . We shall call the
generic deformation as BTZ-waves since the gen-
eral solution will be of the wave form depending
on the null coordinates. As we shall show below,
among these only a subclass will remain a black
hole. In (8), m and j are constants representing
the mass and angular momentum, respectively.
The outer and inner horizons of the black hole
are located at
r2± =
mℓ2
2

1±
√
1− j
2
m2ℓ2

 . (9)
which coalesce for the extremal case j = ±mℓ at
r20 = mℓ
2/2.
3To understand if and how the black hole nature
of the BTZ metric is changed by the KSK defor-
mation, let us study the event horizon. In the
generic case, the symmetries of the BTZ geome-
try are no longer symmetries of the KSK geom-
etry. Hence, the detection of the event horizon
cannot be done with the Killing vectors; instead,
since the horizons will be null hypersurfaces de-
fined as level sets of r, let us consider where the
surface normal ∂µr becomes a null vector in the
BTZ-wave geometry as
Ω ≡ gµν∂µr∂νr = 0. (10)
Using (3) and (8), Ω becomes
Ω = h (r)− 2V (λµ∂µr)2
= 2V (t, r±, φ)
(
λr|r=r±
)2
. (11)
Here, to have Ω = 0, V (t, r±, φ) = 0 is a possi-
bility but recall that the metric function V must
satisfy a theory dependent differential equation.
Then, to keep the BTZ black hole intact in a
theory independent way,
λr|r=r± = 0, (12)
must be satisfied. In this way, one has the de-
formed black hole solutions for all generic gravity
theories. There can be other black hole solutions
where the profile function V satisfies the condi-
tion V (t, r±, φ) = 0 or h (r) − 2V (λµ∂µr)2 = 0
for different r values. In these cases, since V
takes different functional forms in different grav-
ity theories then such black holes solutions will
be theory dependent; and given the theory, one
can construct these.
Since we are interested in the KSK-type de-
formations of the BTZ black hole which keep the
event horizon intact, we considered a null hyper-
surface of constant r to locate the event hori-
zon. However, for the KSK metric (3), in gen-
eral, a null hypersurface of the form F (t, r, θ) =
constant should be considered to locate a hori-
zon as
g¯µν∂µF∂νF − 2V (t, r, θ) (λµ∂µF )2 = 0. (13)
In addition to the undeformed event horizon
given with (12), to have a deformed horizon for
the KSK geometry, this equation should be con-
sidered which will be studied elsewhere [15]. The
analysis of (13) in its full generality is a tedious
task; however, to get some understanding, for
the λµ = ∂µu case,
1 let us consider the r = f (u)
hypersurface which becomes null if
0 = h (r)− 2λr
(
df
du
+ V (t, r, θ)λr
)
. (14)
To have an equation in r and u with a solution
r = f (u), one must have V = V (u, r) with a
λr depending only r. Then, the KSK property
λµ∂µV = 0 reduces to
λr
∂V
∂r
= 0, (15)
which requires either λr = 0 or V = V (u). For
λr = 0, (14) becomes h (r) = 0 so it does not
provide a generalization as r = f (u). Thus, one
needs to have V = V (u) in general. For this
case, ∂µV = Vuλµ and g¯
µν∇¯µ∇¯νV = 0, so QV
reduces
QV =
(
1
2
ξµξµ − 2
ℓ2
)
V. (16)
To obtain an Einsteinian solution, QV = 0 must
be satisfied which is the case for any V = V (u)
if ξ2 = 4/ℓ2. The condition ξ2 = 4/ℓ2 is satisfied
for the BTZ-waves constructed in the next sec-
tion. Thus, one may find a solution for (14) indi-
cating a null hypersurface of the form r = f (u)
exists if V = V (u). However, the V = V (u) so-
lution is an Einsteinian metric which is already
represented in the Bañados geometry. Note that
this case also covers the shifted horizons, that is
r = constant but r 6= r±, by having f = constant
and V = constant. On the other hand, to have
a non-Einsteinian KSK geometry for an hori-
zon of the form r = f (u), the metric function
V = V (u) must satisfy
(Q−m2n)Vn =
(
1
2
ξµξµ − 2
ℓ2
−m2n
)
V = 0,
(17)
1 This choice is motivated at the beginning of the next
section.
4where mn depends on the parameters of the
higher derivative theory. Since ξµ is theory in-
dependent, (17) cannot be satisfied in general.
Therefore, it is not possible to obtain a non-
Einsteinian KSK geometry that has a horizon of
the form r = f (u). In [15], we will study more
general horizon forms such as r = f (u, ψ) with
ξµ = ∂µψ which require more general V beyond
V = V (u).
In the discussion below, we will show that the
condition (12), which keeps the BTZ event hori-
zon intact, can be satisfied if and only if the BTZ
seed is extremal so that a subclass of the BTZ-
waves will be a deformed version of the extremal
BTZ black hole.
III. BTZ-WAVE CONSTRUCTION
Now, let us obtain the BTZ-wave metrics by
a direct construction. As a consequence of the
second property in (4), let us choose the null
one-form field λµ to be exact, λµ = ∂µu (t, r, φ).
Then, the condition that λµ be null yields
−
(
∂u
∂t
)2
− j
r2
∂u
∂t
∂u
∂φ
(18)
+
(
h
r2
− j
2
4r4
)(
∂u
∂φ
)2
+ h2
(
∂u
∂r
)2
= 0.
Notice that all coefficients are a function of r, so
the easiest way to satisfy the nullity condition
is to consider a u whose derivatives are either a
function of r or a constant as 2
u (t, r, φ) = c1t+ c2φ+ w (r) . (19)
This ansatz provides a solvable set of differen-
tial equations for the KSK metric properties.
The solution can be put in a simpler form if
the BTZ metric is written in terms of r± with
h (r) =
(r2−r2+)(r2−r2−)
r2ℓ2 and j =
2σr+r−
ℓ where
σ represents the direction of rotation which we
choose to be σ = +1. For this non-extremal
2 There can be other choices for the function u provid-
ing different solutions which will be discussed elsewhere
[15].
BTZ seed, the λµ and ξµ one-forms are found to
be
λµ =
(
1,
ℓ2r (r+ + ǫr−)(
r2 − r2+
) (
r2 − r2−
) , ǫℓ
)
, (20)
and
ξµ =
(
−r+ + ǫr−
ℓ2
,−r (α+ β)
ℓ2αβ
,
ǫr+ + r−
ℓ
)
,
where ǫ is equal to ±1, α and β are defined as
α (r) =
(
r2 − r2+
)
/ℓ2 and β (r) =
(
r2 − r2−
)
/ℓ2.
From (20), λr can be calculated to be
λr = h (r)λr =
r+ + ǫr−
r
. (21)
The black hole event horizon condition (12) is
not satisfied, so the BTZ deformation for the
nonextremal case is not a black hole in the
generic theory. Yet, the resulting metric is a
solution to the generic theory if V satisfies the
constraint λµ ∂µV = 0 and (6) for the specific
theory. The constraint can be solved in a theory
independent way and the solution is
V (t, r, φ) = F
(
t+
r+ lnα− ǫr− lnβ
2 (β − α) ,
φ+
r− lnα− ǫr+ lnβ
2 (β − α)
)
, (22)
where F is a smooth function.
Above, we discussed the nonextremal case, now
let us focus to the extremal case j = mℓ with
h (r) =
(r2−r20)
2
ℓ2r2 and j =
2r2
0
ℓ . For this case, the
sign choice ǫ becomes important as one arrives
at two different metrics. For ǫ = +1, with a
similar construction as in the nonextremal case,
the λµ and ξµ one-forms become
λµ =
(
1,
2rr0ℓ
2(
r2 − r20
)2 , ℓ
)
, (23)
and
ξµ =
(
−2r0
ℓ2
,− 2r
r2 − r20
,
2r0
ℓ
)
.
From (23), λr can be calculated to be
λr =
2r0
r
. (24)
5Again, the black hole event horizon condition
(12) is not satisfied, so the BTZ deformation for
the extremal case with ǫ = +1 is not a black hole
in the generic theory.
For ǫ = −1, the KSK metric construction for
the extremal case differs in a subtle way from the
nonextremal construction such that (18) requires
w (r) in (19) to be constant. As a result, the λµ
and ξµ one-forms become
λµ = (1, 0,−ℓ) , (25)
and
ξµ =
(
0,
2r
r20 − r2
, 0
)
. (26)
From (25), λr can simply be found to be
λr = 0. (27)
This time, the black hole event horizon condition
(12) is satisfied, so the BTZ deformation for the
extremal case with ǫ = −1 is a black hole in
the generic theory. Here, the metric function V
must satisfy λµ∂µV = 0 yielding
ℓ2
r2 − r20
(
ℓ
∂V
∂t
+
∂V
∂φ
)
= 0. (28)
with the solution
V = V (t− ℓφ, r) . (29)
The explicit form of V will be given below for
Einstein’s theory and the new massive gravity
(NMG) [16].
A. Extremal-BTZ Wave Solution of
Einstein’s Gravity
We showed that the only possible KSK defor-
mation of BTZ black hole which keeps the black
hole nature intact is the extremal BTZ black hole
deformed with the constant null vector field of
λµ = (1, 0,−ℓ). Now, let us find the metric func-
tion V for the cosmological Einstein’s gravity by
solving (5). With (26), the field equation for V
becomes
r
∂2
∂r2
VE (u, r)− ∂
∂r
VE (u, r) = 0, (30)
where we defined u = t − ℓφ which is in fact
the generating function for λµ as λµ = ∂µu. If
r 6= r0, the Einsteinian solution becomes
VE (u, r) = c1 (u) r
2 + c2 (u) , (31)
yielding the metric
ds2 =ds¯2 + 2
(
c1 (u) r
2 + c2 (u)
)
(dt− ℓdφ)2 ,
where ds¯2 is the extremal BTZ seed. This result
is consistent with the Bañados geometry (2) and
the analysis of [8]. As in the case of the Baña-
dos geometry which dresses the BTZ black hole
with two arbitrary functions, our generic solu-
tion with arbitrary c1 (u) and c2 (u) are of the
nonlinear wave type which we called the BTZ
wave. To understand this solution better, we
can compute its mass and angular momentum
using the Abbott-Deser approach [17]. Assum-
ing c1 (t− ℓφ) = c2 (t− ℓφ) = 0 and r0 = 0
to be the background, the mass correspond-
ing to the background time-like Killing vector
ζµ = (−1, 0, 0) is M = m+ 2π
´ 2π
0 dφ c2 (t− ℓφ);
and the angular momentum corresponding to
the background Killing vector ζµ = (0, 0, 1) is
J = mℓ + 2ℓπ
´ 2π
0 dφ c2 (t− ℓφ). We have kept
mass and angular momentum computation with
generic c1 (u) and c2 (u). Since this solution
is no longer stationary, its mass angular mo-
mentum are time dependent via these functions.
Note that the extremality condition is intact as
J = Mℓ. The function c1 (t− ℓφ) corresponds
to a pure gauge and does not appear in the mass
and angular momentum expressions. Of course,
for a stationary black hole solution, the arbi-
trary u dependent functions should be taken as
constants as we mentioned for (2). Then, one
obtains time-independent mass and angular mo-
mentum. The discussion is exactly like the case
of Bañados metric [6, 8].
B. Extremal-BTZ Wave Solution of
NMG Now, we study the solution of cosmo-
logical new massive gravity (NMG) given with
the action
I = − 1
κ2
ˆ
d3x
√−g
(
R− 2Λ0 + L2K
)
, (32)
6whose field equations are
Gµν + Λ0gµν − L
2
2
Kµν = 0, (33)
where Kµν = 2Rµν − 12 (∇µ∇µ + gµν)R +
4RµανβR
αβ − 32RRµν − gµνK and the trace K =
gµνKµν = RµνR
µν − 38R2. Putting the metric of
the extremal BTZ wave defined by λµ given in
(25) yields the field equations
1
ℓ2
+ Λ0 +
L2
4ℓ4
= 0, (34)(Q−m2g)QV = 0, (35)
where m2g is the mass of the spin-2 graviton of
the NMG theory given as
m2g =
1
L2
− 1
2ℓ2
. (36)
The first equation determines the effective cos-
mological parameter ℓ. The second equation
(35) determines the metric function V and has
the general solution
V (u, r) = VE (u, r) + Vp (u, r) , (37)
where u = t− ℓφ and VE is the Einsteinian solu-
tion (31) while Vp is the solution of the massive
operator
(Q−m2g) which can be found as
Vp (u, r) =c3 (u)
(
r2 − r20
)(1+p)/2
+ c4 (u)
(
r2 − r20
)(1−p)/2
, (38)
with p ≡
√
m2gℓ
2 + 1. The reality of p is equiva-
lent to the Breitenlohner-Freedman (BF) bound
[18]. It is important to note that the solution
(37) to this quadratic theory solves all higher
curvature theories as long as the corresponding
effective cosmological constant equation is satis-
fied. Using the construction of [19], one can show
that the finiteness of mass and angular momen-
tum requires c3 (u) = c4 (u) = 0 for 0 < p < 1,
c3 (u) = 0 for 1 < p, or c4 (u) = 0 for p < −1
yielding the mass M = m
(
1 + 2
2p2−1
)
and the
angular momentum J =Mℓ such that extremal-
ity is kept intact.
IV. CONCLUSIONS
We have studied the exact deformation of
the BTZ black hole in the context of generic
gravity; and showed that the non-extremal black
hole loses its exact horizon and the resulting de-
formed metric is of wave type, which we called
the BTZ wave. Surprisingly, the deformed ex-
tremal black hole remains a black hole. There
are several ways to read this result: First, the
non-extremal BTZ is unique in generic gravity
while the extremal one is not as in the case of
Einstein’s theory; secondly, considering the de-
formations as generic quantum or classical cor-
rections, the non-extremal BTZ is not preserved
as a black hole solution to the generic gravity
while the extremal one remains a black hole in
any generic gravity theory. Lastly, regarding the
r = 0 singularity after the KSK deformation,
note that all the curvature invariants of the KSK
metrics are constant; therefore, there is no cur-
vature singularity.
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